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Abstract 
Let G be a c-chromatic multigraph (c>t 2) with maximum edge multiplicity s. In this note we 
show that G has an embedding as an induced subgraph, into some degree irregular c-chromatic 
multigraph aving the same maximum edge multiplicity. 
I. Introduction 
A (multi)graph is, respectively, called regular or irregular if its degrees are all equal 
or all distinct. A problem analogous to the one of K6nig (see [4]) of embedding any 
graph into some regular graph was posed by G. Chartrand, namely, embedding any 
graph into some irregular graph. Since the only irregular graph is the single isolated 
vertex, it is only natural to pose the question for multigraphs. The maximum edge 
multiplicity of a multigraph G is denoted by s(G); G is simple (i.e. a graph) if s(G) = 1. 
For convenience, we will refer to multigraphs as graphs. In [1], as a first result on 
degree irregular embeddings, the following theorem was proved: for any graph G with 
s(G) >1 2, there is an irregular graph H with s(H) = s(G) which contains G as an 
induced subgraph. It was also mentioned (without proof) that if G is bipartite, then 
there exists a bipartite H with this property. Here we give the proof of this result 
extended to c-partite (i.e. x(G) = x (H)  = c) graphs for arbitrary c >1 2 (Theorem 3). 
The embedding of a graph G into an irregular one with the required properties i  
done here in two steps. First G is embedded into an equipartite regular graph, then we 
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give the embedding of that regular graph into an irregular one. In the proof, we extend 
some irregular labeling techniques used in [2] for regular simple graphs. In particular, 
we show that there exist irregular c-partite graphs with maximum edge multiplicity 
2 and containing large complete simple c-partite graphs (Theorem 1). In a companion 
paper ([3]), a similar embedding result is obtained for r-uniform hypergraphs using 
methods ignificantly different from those in this note. 
2. Embeddings of graphs 
A (multi)graph is called c-partite if its vertex set has a partition into c classes uch 
that all edges join vertices from distinct partition classes. Let us call a c-partite graph 
with n vertices in each class a (c x n)-graph. A c-partite graph is called complete if 
between every pair of vertices from distinct partition classes there is at least one edge 
of the graph. 
Theorem 1. For any integers t >~ 1, c/> 2, there exists an irregular c-partite multigraph 
with s(G) = 2 and containing a complete simple (c x t )-graph. 
Proof. We prove the theorem by giving a construction i three steps. The weighting 
on a simple graph is a multigraph obtained by assigning positive integers as multiplic- 
ities to its edges. 
Step 1. Let {x~,y~}, 1 <~ i <~ c, be the partition classes of the complete (c × 2)-graph. 
We define a weighting on its edges as follows: 
The 
W(Xl,Xj)= l fo r l< j~<c;  
w(xi,xj) = 2 fo r2~<i<j~<c;  
w(y l ,y j )=3 for l~<i<j~<c.  
obtained (c x 2)-graph Gc(O) has 
w(x i ,y j )= l  for l~<i<j~<c;  
w(yi ,x j )= 2 for 1 <~ i < j <~ c; 
distinct degrees 2c - 2, 3c - 3, 3c - 2,..., 
4c - 5, 4c - 4 ..... 5c - 5 (vertices taken in the order: xl, x2, x3 . . . . .  Xc, Y . . . . . .  Yl). Thus 
Go(0) is an irregular (c x 2)-graph with maximum edge multiplicity three, that is 
s(Gc(O)) = 3. Denote by Kc the complete graph induced by {Yl, x2, x3 ..... xc}, and let 
Mc be the perfect matching of Go(0)formed by the edges Yl, xi+ x, 1 ~< i < c, and xl yc. 
Observe that every edge of Kc and every edge of Mc different from xl y~ has multipli- 
city two. 
Step 2. For w = 1 or 2, let Bt(w) be a complete bipartite multigraph with 2t 
elements in each bipartition class, U and V, and with edge multiplicities shown by 
the 2t x 2t adjacency matrix in Fig. 1 (w + 1 in the diagonal and below, w above). 
Observe that the degrees in each bipartition class are the 2t consecutive integers 
starting from 2tw + 1. Also notice that the upper right corner defines a complete t by 
t bipartite subgraph of Bt(w) with all edges having multiplicity w. 
M.S. Jacobson, J. Lehel/ Discrete Mathematics 145 (1995) 295-299 297 
B(.,) 
Fig. 1. 
Step 3. Let Xi w Y~, 1 <<. i <<. c, be the partition classes of the complete (c x 4t)- 
graph obtained from G~(0) by 'blowing up' its vertices as follows. For 1 ~< i ~< c, 
replace each vertex xl and yl with disjoint sets Xi and Y~ of cardinality 2t. If uv is an 
edge of multiplicity w of Go(0) not in Me, then between the corresponding sets U and 
V we add a complete bipartite graph with edge multiplicities w. For each edge of 
Mc with multiplicity w, we add the complete bipartite graph Bt(w) defined in Step 2. 
We now show that the obtained (c x 4t)-graph Gc(t) is irregular. Let U and V be the 
2t element vertex sets in Go(t) corresponding to some vertices u and v of G~(0). For 
fixed u, any of the 2c - 3 multiple edges at u not in Mc is replaced by a complete 
bipartite graph with the corresponding multiplicity, and edge uv of Mc with multipli- 
city w is replaced by a copy of Bt(w) between U and V. Hence, the degrees in U are the 
2t consecutive integers 2tdo(u) + 1 ..... 2tdo(u) + 2t, where do(u) is the degree of u in 
Gc(O). Since all vertices of Go(O) have distinct degrees, the degree sets assigned to U, are 
pairwise disjoint. Hence Gc(t) is irregular. Observe that s(Gc(t))= 3. By the remark 
concluding Step 2, the graph Bt(2) induced by Y1 u X2 contains a complete bipartite 
graph with edge multiplicities two. Thus, in the subgraph of G~(t) induced by the sets 
corresponding to the vertices of K~ there is a (c x t)-graph K~(t) with all edges having 
multiplicity two. 
To prove the theorem, take a copy of G~(t) and reduce its (positive) edge multiplic- 
ities by one. Since every vertex of Gc(t) has exactly 2 t (2c -2)  neighbors, each 
weight decreases by the same amount. Thus we obtain an irregular (not complete) 
c-partite graph G~(t) having s(Gc(t)) = 2. By the remark in step 3, Kc(t) now becomes 
a complete simple (c x t)-subgraph of (~(t). This concludes the proof of the 
theorem. [] 
Notice that for t = 1 and c ~> 2, one may use Go(0) in the role of Gc(1) in the proof of 
Theorem 1. Indeed, after decreasing all positive edge multiplicities of Gc(O), one 
obtains a simple c-clique in (~c(0). As an example, Fig. 2 shows the adjacency matrix of 
G4(0), where encircled elements become the adjacency submatrix of the complete 
simple subgraph of G4(0) induced by { yl, X2, X3, X4 }" 
Fig. 3 shows an example of the construction in the proof of Theorem 1, for c = 4 
and t = 2. In the adjacency matrix of (~4(2) encircled elements define the adjacency 
submatrix of a complete simple (4 x 2)-graph of G4(2). 
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Corollary 2. For any t >~ 1, c >~ 2, let G be a (c -  1)t-regular (c x t)-graph with 
s(G) >i 2. Then there exists an irregular c-partite multigraph H with s(H) = s(G) such 
that H contains G as an induced submultioraph. 
Proof. Let Ho be the irregular c-partite graph of maximum edge multiplicity two 
obtained in Theorem 1, and let Go be the complete simple (c x t)-subgraph of rio. We 
get H from Ho by replacing Go with G (remove edges of Go, then add a copy of G by 
identifying its partition classes with those of Go). Since both Go and G are (c - 1)t- 
regular, the degrees of H remain unchanged, and hence H becomes an irregular 
(c x t)-graph. Obviously, s(H) = max {2, s(G) } = s(G) which completes the proof of 
the corollary. [] 
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Theorem 3. For any c-partite graph G (c >~ 2), there exists an irregular c-partite multi- 
graph H with s(H) = max{2, s(G)} such that H contains G as an induced submuhigraph. 
Proof. We may assume, by the addition of appropriately many isolated vertices, that 
G is a (c x k)-graph, and that its maximum degree d satisfies A < k. First we embed 
G into a regular (c x n)-graph G*. Set Go = G, ko = k, and define a sequence of 
graphs G = Go,G1,G2 ....  such that each Gi in the sequence is a (c x ki)-graph of 
maximum degree A. If Gi is not A-regular, then G i+ 1 is obtained from G~ as follows: 
take the disjoint union of two copies of G,- and between every two copies of the same 
vertex x add a new edge of multiplicity max {2, A - d~(x)}, where d~(x) is the degree of 
x in Gi (here multiplicity 0 denotes a non-edge). Obviously, G~+ ~ becomes a (c x 2kl)- 
graph of maximum degree A. Moreover, max{A-  di(x): x e V(G~)} >max{A-  
d~+ l(x): x ~ V(Gi+ 1)}. Thus the sequence nds with a A-regular (c × n)-graph, say G* 
containing G as an induced subgraph and having s(G*) = max {2, s(G)}. 
Next G* will be embedded into a (c -  1)t-regular (c × t)-graph. Consider an 
arbitrary A-regular simple bipartite graph with n vertices in both bipartition classes, 
and let B be the (2 × n)-graph obtained by adding all complementary edges between 
bipartition classes with multiplicity two. Thus, B is a (2n - A )-regular (2 × n)-graph. 
Take two disjoint copies of G* and denote by Ai and A[', 1 <~ i <<, c, the two copies of 
the same partition class of G*. For every 1 ~< i,j <~ c , j  :~ i and j  :~ i + 1 (arithmetic 
mod c), include all edges between Ai and Aj' with multiplicity two; moreover, add 
a copy of B between A[ and Aj'+1. In this (c× 2n)-graph each vertex has degree 
A +(c -2 )2n+(2n-A)=(c -  1)2n. Thus we obtain a (c -  1)t-regular (c×t ) -  
graph G**, where t -= 2n. Clearly, s(G**) = s(G*) = max{2,s(G)}. 
By Corollary 2, G** has an embedding, and thus G has an embedding, into an 
irregular c-partite graph H with s (H)= s (G**)= max{2,s(G)}. This concludes the 
proof of the theorem. [] 
An immediate corollary of Theorem 3(with c = 2) is a result or irregular embedding 
of bipartite graphs communicated in [1, Theorem 11]. 
It is a natural question to look for irregular c-chromatic host graphs of maximum 
edge multiplicity s with minimum order n = n(c, s). This extremal problem probably 
requires more sophisticated embedding techniques than those used in our existence proof. 
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